NONEXISTENCE OF EXTREMALS FOR THE ADJOINT 
RESTRICTION INEQUALITY ON THE HYPERBOLOID 



RENE QUILODRAN 



Abstract. We study the problem of existence of extremizers for the to 
adjoint Fourier restriction inequahties on the hyperboloid in dimensions 3 and 4, 
in which cases p is an even integer. We will use the method developed by Foschi in 
[1] to show that extremizers do not exist. 



1. Introduction 



For d ^ 1 let H'^ denote the hyperboloid in R'^+\ H'^ = {(y, ^Jl + |y|2) : y e R'^}, 

dy 



equipped with the measure a{y,y') = 5{y' — \Jl + ^-^^^ defined by duality as 



/ 



g{y,y')da{y,y') = g{y, ^/lT~\y^) 



'Hd JTR.'i -s/l + lyp 

for all (7(^,^0 e Com. 

A function / : H"^ ^ R can be identified with a function from IR!^ to R and in 
what follows we will do so. We will denote the L^(IH'^,(j) norm of a function / as 

iLf(Hd), \\f\\LP{a) or ll/llp. 

The extension or adjoint Fourier restriction operator for H*^ is given by 



Tf{x,t) = / e*-V*V^/(2/)(l + \y\YUy (1) 

where {x,t) G R'' x R and / G iS(R'^). With the Fourier transform in R'^"''^ defined 
to be g{^) = f^d+i e~^^'^g{x)dx, we see that Tf{x,t) = fa{—x, —t). 

It is known, 0, that there exists Cd,p < oo such that for all / G L'^i'B'^) the 
following estimate for Tf holds 

|l^/l|LP(]Rrf+i) ^ Cd^pWfWl^CM'i) (2) 

provided that 

2{d + 2)/d ^ 2{d + l)/{d - 1), if > 1 
6 < oo, ii d = 1. 
For p satisfying ([3]) we will denote by H^p the best constant in (|2]), 

„ ll^/llLP{]Rd+i) 

Hd,p = sup -— . 

07^/6L2(H'') llJl|L2(Hd) 



(3) 
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We will also look at the two sheeted hyperboloid H'^ = {{y,y') G R'' x R : y'^ 
1 + lyp}. We endow it with the measure a = + where 

dydy' 



(^""{y^y') = <^{y.y') = ^{y' - a/i + \y?) 

\y\ 

dydy' 



2 ' 



We denote by T the corresponding adjoint Fourier restriction operator, T f = fa+ + 
/(T~. If satisfies ([3]), then the following constant is finite, 

Hd,p= sup —— . (4) 

/eL2(H'*) ll/llL2(]Hd) 

Definition 1.1. An extremizing sequence for the inequality ([2]) is a sequence {fn}n&i 
of functions in L^(IH'^) satisfying ||/„||l2(o-) ^ 1, such that ||7'/n||LP(]R''+i) ~^ '^d,p as 
n — > oo . 

An extremizer for ([2]) is a function / ^ which satisfies ||7'/||LP(]Rd+i) = Hd^p||/||i2(^). 

An analogous definition of extremizing sequence and extremizer will be used for 
©• 

We will be interested in the following pairs of {d,p): (2,4), (2,6) and (3,4), which 
are the only cases for d > 1 where p is an even integer. The main result of this paper 
is: 

Tlieorem 1.2. The values of the best constants are, H2,4 = 2^/^71, H2,6 = (27r)5/6 
andHs^i = (27r)^/'^. In each of the three cases of pairs {d,p) extremizers do not exist. 

For the two sheeted hyperboloid the best constants are, 112,4 = (3/2)^/^H2,4, H2,6 = 
(5/2)-'^/^H2.6 and H3 4 = (3/2) -"^/"^Hs 4. Here extremizers do not exist either. 

We normalize the Fourier transform in R"' as 

m) = I e-'^<g{x)dx, 
With this, the convolution and L^(R'^) norm satisfy 

f*9 = fg, and WfWL^u'i) = (27r)'^/l/||L2(jtd). 
When p is an even integer we can write ([2]) in "convolution form" . U p = 2k then 

||T/||^2fe(]Rd+l) = ||(T/)''||i2(]Rd+l) = ||(/0-)''||£,2(]Rd+l) = IK/O- * ■ ■ ■ * /cr )lL2(]Rd+l) 

= (2vr)(^+i)/2||/a*---*/a|U2(^.-..), (5) 

where f a* ■■■ * fa is the /c^'^-fold convolution of fa with itself. Therefore, for p even 
integer, ([2]) is equivalent to 

11/^ * ■ ■ ■ * ^ {2n)-^'+'y^''^C,,2k\\f\\LHM^), for all / G 5(R'^). 



1/2 II 

l2{]r3)IIj 


n L2(H2) 


= 7rV^ 


L2(]R3)| J 


N L2(H2) 


= (27r) 


L2(]R4) J 




= (2vr) 
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For reference, we write here the best constants in convolution form, 

sup \\fcr*fa\ 
/eL2(H2) 

,1/3 

/eL2(H2) 

sup llfl|-l -^9^^1/4 

/eL2(H3) 

It would be interesting to analyze the case d = 1 for even integers greater or equal 
to 6. Our argument relies on the explicit computation of the n^'^-fold convolution of 
the measure a with itself and this seems to be computationally involving if n ^ 3. 

Interpolation shows that for d = 2 and p E [4, 6] we have ii2,p ^ H2 4H2 g^, where 
p ~ f + know whether extremizers exist for p E (4, 6) as our method 

needs p to be an even integer. 

One could consider, for s > 0, the hyperboloid = {{y, + : y E R"'} 
equipped with the measure 

dydy' 



as{y,y') = 5{y' - ^/s^ + \y\'^) =. (6) 

+ \y\ 

As we mention in Section |2] this measure is natural since it is the only Lorentz 
invariant measure on Hf. Let Tsf{x,t) = fas{x,t). For {d,p) satisfying the 
estimate 

ll^s/||LP(]Rd+i) ^ H(i,p,s||/||i2(]nd) (7) 

holds, where 

„ ll^s/l|LP(]Rd+l) . s 

^d,p,s ■= sup —-— . (8) 

/eL2(Hd) ll/llL2(Hd) 

is a finite constant. 

Simple scaling, as shown in Appendix 1, relates iid,p,s and H^ j,: 

H,,p,. = .('^-i)/2-(^+i)/^H,,p. (9) 

Moreover {fn}n&¥s is a extremizing sequence for ([2]) if and only if {s~^*^'^~^^/„(s~^-)}„g]N 
is an extremizing sequence for the inequality for T,, s > 0. Thus for the problem of 
extremizers and properties of extremizing sequences it is enough to study s = 1. 
For any p E (0, 00) we can consider the truncated hyperboloid 



Hi, = {(y, Vs' + m ■■yeR', \y\ ^ p} 

endowed with the measure which is the restriction of to ^. We denote by Tp 
the corresponding adjoint Fourier restriction operator, Tpf = Tf for / E L^(IHf^). 
Since one has the estimate ||Tp/||j;^cx)(]Rd) ^ C||/||/,2(][jd^), it follows that for d ^ 1 and 
p ^ 2{d + 2)/d the estimate 

\\Tpf\\LP(]R.'i+i) ^ C||/||L2(Hd^) (10) 

holds for some constant C = C{d,p, s,p) < 00. 
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A theorem of Fanelli, Vega and Visciglia in [3] implies that ii d ^ 1 and p > 
2{d + 2)/d, then complex valued extremizers for (fTOj) exist. There are nonnegative 
extremizers if p is an even integer as can be seen from the equivalent "convolution 
form" of ( 1T0|) . This shows that for {d,p) = (2,6) and {d,p) = (3,4) there are 
extremizers for ( ITOj) . The case {d,p) = (2,4) does not follow from the result in [3] 
since it is the endpoint. Our argument here shows that in this case extremizers do 
not exist. 

2. The Lorentz invariance 

The Lorentz group is defined as the group of invertible linear transformations in 
j^d+i preserving the bilinear form (x, y) G R'^"'"^ x IR'^+^ i— )■ x ■ Jy, where J is the 
{d + 1) X {d+ 1) matrix Jjj = if i 7^ j, Jj^j = —1 if 1 ^ i ^ d and Jd+i^d+i = 1- 

Let us denote by the subgroup of Lorentz transformations in R'^"'"^ that preserve 
Hf . It is known that as is invariant under the action of and moreover is the unique 
measure on Hf invariant under such Lorentz transformations, up to multiplication 
by scalar; for this we refer to [8] where the case c? = 3 is considered, but the same 
argument can be adapted to d ^ 2. 

For t G (— 1, 1) we define the linear map L* : R'^+^ — R'^"'"^ by 

{L*}tg(_i^i) is a one parameter subgroup of Lorentz transformations, contained in £+. 

For 2, j G {1, . . . , (i} we let Pjj be the linear transformation that swaps the i^^ and 
jth components of a vector in R'^"^^. 

For any orthogonal matrix A G 0((i, R) the transformation (.^, r) ^ Ra{C,,t) = 
{A^, t) belongs to £"^. 

By composing the transformations Pjj- and L* for suitable 2, j's and t's it is not 
hard to see that if (^, r) G R'^^^ satisfies r > |,^|, then there exists L G such that 
L(^,r) = (0, Vr2^^). Alternatively, this can be achieved by using the transforma- 
tions Ra and L*: we first find A G 0(d, R) such that A^ = (|^|,0, ...,0). W e take 
t = -|e|r-i and note that L\Ra{^, r)) = L*(|e|, 0, . . . , 0, r) = (0, - I^P). 

For p G [1, 00], L G £+ and / G LP{Mj) we define 

^7 = /°^, 

where "o" denotes composition. The invariance of the measure ag under the action of 
£"•" implies that for all p G [1, 00) we have ||/||LP(Hf) = ll-^*/llLp(Hf)) the equality 
for p = 00 holds since Lorentz transformations are invertible. It is also direct to 
check that for p G [I, 00] we have ||Ts(L*/)||2,p(]R,d+i) = ||T's/||ip(]ad+i). Therefore, if 
{/«}neN is an extremizing sequence for ([7]) and {Ln}n£¥i C then {L^ fn}n£N is 
also an extremizing sequence for ([7]). 

The Lorentz transformations we will use in this paper are the Pij, Ra and L*. The 
invariance of cr^ with respect to these transformations can be seen directly by using 
the change of variables formula and seeing that the Jacobians work out. 



nonexistence of extremals for the hyperboloid 

3. On Foschi's argument 
For ease of writing we will define -i/^s : R — )■ R by 



We let ip := i/ji- We will abuse notation and write ipsiv) to mean ipsHvl), for y G K,*^. 
For measures n, v in R'^, their convolution is defined by duality as 



for all g G Co(R^). 

For a measure /i in R'^ and n ^ 1 we will denote /x^*"^ = fi * ■ ■ ■ * fi, the n^'^-fold 
convolution of fi with itself. 

The measure on satisfies that the ?7,*'*-fold convolution ai*""* is supported 
in the closure of the region Vd,n = {(^jT) : t > a/ (ns)^ + For any fixed 

r) G Vd,n we define the measure on (R'^)" by 

/^(C,r)=^( '\dXi...dXn. 

With the Dirac delta, on R'^ x R defined as 

(5o,/) = /(0), for all / G 5(R" X R), 
is the puUback of 5q on R'^ x R by the function $(5,r) : (R'^)" — )■ R"^ x R given 

by 

$(5,^)(a;i, . . . ,Xn) = {i - Xi Xn,T - i)s{Xi) i^siXn))- 

As discussed in the puUback is well defined as long as the differential of $(^,t) is 
surjective at the points where $(5,r) vanishes. The differential of $(5,t) is surjective at 
a point (xi, . . . , Xn) if and only if xi, . . . , Xn are not all equal. Now . . . ,x) =0 

if and only if = (ns)^ + that is, at the boundary of V±n- Thus, the pullback 
is well defined on Vd,n- 

For each (^, r) G Vd,n we define the inner product and norm || ■ \\(^,t) 

associated to /i(5,r) as 



(F, G')(^,^) = / . . . , a;„)G(xi, . . . , a;„) . . . , a;„). 
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What connects this inner product with inequahty ([2]) is the following identity. For 
/!,...,/„ GL2(Hf) 

■6{r- tpsixi) 1ps{Xn)) dxi... dXn 

fl{Xl)...fn{Xn), , . 



= (-^''^)(5,t), 

where ...,Xn) = ^"""^ ^^^i' • • • '^-) = m-iV^'Um'^' - 

Lemma 3.1. Let f G 5(R'^), then the n^^-fold convolution of fas with itself satisfies 

Moreover, for / 7^ 0, for equality to hold in f|TT]) it is necessary that af''\i 
||o's*"^||l°°{]R'*) for a.e. (^,t) in the support 0/ (/cTs )*•*"''. 

Proof. Let g G iS(R'^^^), then by definition of the convolution we have 

/fixi) . . . fiXn) 
g{Xi H h Xn,1ps{Xl) H h IpsiXn))—, / " , " , ciXi . . . 

giXi^ \- Xn,1ps{Xl) ^ ^ijjsiXn)) /(Xi) . . . 



dxi . . . dxr^ 



H \- Xn^ll^siXl) -\ \-1psiXn)), , ^ [ f {Xif . . . f {XnY 



-dxi . . . dxr^ 



ijjsiXi) . . .tjjsiXn) "' J ips{Xi) . . .^JsiXr, 

^ll^?l|L^(IR^)lkr^lli(^(K.)ll/ll^(M^), (12) 

which proves (|TT|) by taking the supremum over 5? G L^(R'^+^). 
Now if 

ll-f^(*")ll II ^(*") II -'-/2 II -fll" 

\\j(^s II L2(]Rd) - II Cr^ llL°°(]Rd)ll^llL2(Hd)' 

then, taking g = f(Ti*^\ we must have equality in f|T2|) 
which occurs if and only if 

^(*n) /■ c ^\ ll^(*")ll 

for a.e. (^, r) in the support of fai*^\ □ 
From Lemma [3.11 and (E]) we obtain 



NONEXISTENCE OF EXTREMALS FOR THE HYPERBOLOID 7 

Corollary 3.2. Let {d,p) satisfy ([3j) and suppose p = 2k is an even integer. Then 



(13) 
(14) 



1/4 
s|lL°°(]R3); 

1/6 



and thus 

^d,p,s ^ (27r) ii^oo(]R_d+i)- 
In the three cases of pairs {d,p) that interest us in this paper, (fT^ gives 

H2,4,s ^ (27r)3/4| 
H2,6,. ^ (27r)^/^| 
H3,4,s ^ 27r||a-s * o"s|lioo(]R4)- 

For the nonexistence of extremizers we will be using the following result, 

Corollary 3.3. Let {d,p) satisfy (j3]) and suppose p = 2k is an even integer. Suppose 
that Hd,p = (27r)('='+i)/P||a(*'=)||5^{^(jj,,+i) and that a^*'Kr,0 < lk^*'lL-{R''+i) for a.e. 
(^, r) in the support of a^*^\ Then extremizers for (|2]) do not exist for the pair {d,p). 



la, * cr, * (Tsll^'o^^jj^s), and 



,1/4 



Proof. This is direct from the last assertion in Lemma 13.11 □ 
Lemma 3.4. Let f G iS(R'^), then the n^^-fold convolution of fas with itself satisfies 



11/^^^112 ^ 



^, l^^l ' " ^^"^ Cr^*"^ (a;i H VXn,^s{Xi)^ V ^s{Xn)) dxi . . .dxr, 

(15) 



Proof. We will prove the case = 2 as the general case is analogous requiring only 
more notation. Following Foschi's argument we write 



M * f(^s{^,r) = I 
J(i 



f{x)f{y) 
(itd)2 i)s{x)i)s{y) 
f{x)f{y) 



From Cauchy-Schwarz, for {^,t) G Vd,2-, 

f{x)f{y) 



6{^-x-y)6{r-iJs{x) - ipsiy)) dx dy 
dlJ'iT,oix,y)- (16) 



|M*M(r,OI^ 



ipsix)2ips{y)2 {r,o i)s{x)^^s{y) 



ir,0 



(17) 



Now 



ijjs{x)2tjjs{y)2 
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as can be seen from (fT6|) by taking / = 1. Then, 

f P{x)P{y) 

= I I \ i I . (^s*(rs{x + y,ips{x) +ips{y))dxdy. 



4. Nonexistence of extremizers 

In this section we prove Theorem 11.21 We start with the computation of the double 
and triple convolution of as with itself. 

Lemma 4.1. Let d = 2, s > and as the measure on given in (j6]). Then, for 
(e, r) e R2 X R 

^s*^s* ^s{^, r) = {2nr[l - -^JL=)x{^^^^^^^,^. (20) 

In particular, \\as * o's\\l°°{tr?) = f and for all {C,,t) in the interior of the support of 
as * as we have as * CTs{^,r) < \\as * as\\L°°(TR,^). 

Also, \\as * as * crs||i;,oo(]i^3) = (27r)^ and for all r) G R*^"*"^, as * as * as(^,r) < 
\\as * as* o"s||ioo(]R3). 

Proof. It is easy to compute the convolution, 

dy ^ f°° ,r o r^—^^ ^dr 



as*as{0,r)= [ 6{t - 2^ + \y\^) , , = 27r H 6{t - 2^^^^) 

Ju^ + \yr Jo 



g2 _|_ ^2 



Let u = 2\/s^+r^, then 



du 1 
as * as{0, t) = 2n I 6{t - u) — = 27rx(r > 2s)-. 
'28 



By Lorentz invariance we obtain 



s _ 27r ^ 
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For the triple convolution we use the expression we just obtained for the double 
convolution, 



(Ts * * 0-^(0, r) = / a * a{T — + 
Jtr? 



\y\ ,-y)- 



= i2nr 

Let u = i/s2 _|_ then 



x{t — y/s"^ + r"^ ^ ^yJ2sy~+^) rdr 



((r - a/s^ + r2)2 - ^2)1/2 a/s^ + r2 



J s 

= (27r)^X{r>34 



du 



T — u)"^ — iu^ — s"^) 



du 



3s 

By Lorentz invariance 



Vt^ — 2tu + 

(27r)2(l-^)x{r^3s}. 



A different proof of Lemma [4.11 is given in Appendix 2. 
Lemma 4.2. Let d = 3 and s > 0. Then for r) G R''^ x R 

a, *a,(e,r) = 27r(l - ;^^^^) ^ (21) 

In particular, \\as * crs||L°°(]R4) = 27r and /or a// G R'^? cr^ * o'siC,,''') < \Ws * 

C"s||l°°(]R''). 

Proof. 



,(0, t)= [ 5{r - 2^/^^TW)^r\l^ = 4^ r - 2y^M^) 
ins + |?/|^ io 



g2 _j_ 



Let M = 2\^s^+r^, then 



as*as{0,T) = 2-11 / 5(r-M) du = 2it X{t^2s} 

J2s 



Therefore, by the Lorentz invariance, 

a. * a,(e,r) = 2vr(l - -Jl^) □ 

A different proof of Lemma UTT] is given in Appendix 3. From Corollary 13. 2 [ Lemma 
14.11 and Lemma 14.21 we obtain 
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Corollary 4.3. We have the following upper bounds for the best constants, 
H2,4 ^ 2^/^, H2,6 ^ (27^)^/^ and B.34 ^ {2nf^^. 

For the lower bound for the best constants we will exhibit explicit extremizing 
sequences. 



Lemma 4.4. Let d = 2 and s > 0. For a > we let fa{y) = e"V^'+l^l', y eR^. 
Then 

Jim ||TJJU4(]i,.)||/,||J(^,) = (22) 

hm ||TJ„|U6(^3)||/J|-i , = (27r)5/^ (23) 

Ob — ^UH- ^ 

A proof of this can be found in Appendix 2. For the case = 3 we have an 
analogous result. 



Lemma 4.5. Let d = 3 and s > 0. For a > let fa{y) = e'^v^^^, y g Then 

\un\\TJJr.Hu*^\\fJl^ ={27rf\ 

a— s>0+ ^ ' 

For a proof of Lemma [4.51 see Appendix 3. 

Note that Corollary 14. 3 j Lemma [4.41 and Lemma [4.51 imply that for {d,p) = (2,4) 
the sequence {fa/\\fa\\L^{as)}a>o is an extremizing sequence as a — 00, for {d,p) = 
(2, 3) {/a/||/a||L2(o-^)}a>o is an extremizing sequence as a — 0"^ and for {d,p) = (3, 6), 
{/a/||/a||L2(^^)}a>o is an extreuiiziug sequence as a 0+. 

Proof of the first part of Theorem M.^ Combining Corollary 14. 3[ Lemma and Lemma 
14.51 we obtain the first part of Theorem IL21 namely the value of the best constants, 

H2,4 = 23/V, H2,6 = (27^)5/^ and Hg.e = {2nf'\ 



That extremizers do not exist is a consequence of Corollary 13.31 and the last assertions 
about the infinity norm of the double and triple convolution of a with itself, contained 
in Lemma 14.11 and Lemma 14.21 □ 

We now prove the assertion given in the introduction about extremizers for the 
truncated operator Tp for d = 2 and p = 4. 

Proposition 4.6. Let {d,p) = (2,4) and s > 0. For any p > 0, the best constant in 
f[TU]) equals and there are no extremizers for f [TU]) . 

Proof. The nonexistence of extremizers follows from the nonexistence for (|2]) if we 
prove that the best constant for the truncated hyperboloid equals the best constant 
for the entire hyperboloid, H2,4,s. For this we need a lower bound. 

Since the extremizing sequence {/a/||/a||2}a>o given in Lemma concentrates at 
y = as a ^ 00, one easily sees that for the sequence {faX\y\^p/\\faX\y\iiph}a>o, 

TpifaX\y\^p/\\faX\y\^ph) 2^/V/s^/^ , aS O OO, 

giving the desired lower bound. □ 
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5. On extremizing sequences 

We are interested here in properties of extremizing sequences for ([2j). The Lorentz 
invariance of ag imphes that given an extremizing sequence {/njneiN for ([2]), and a 
sequence of Lorentz transformations {Ln}neN preserving Hf, then {/„ o Ln}neN is 
also an extremizing sequence. Even though there is this symmetry group we can 
obtain some general properties concerning concentration of extremizing sequences. 

Consider first the case d = 2 and p = 6. From Lemma 14.41 it follows that the 
sequence of functions {/a/||/a||2}a>o is an extremizing sequence as a — )■ 0"^. This 
particular extremizing sequence concentrates at spatial infinity, that is, for any e,R> 
there exists > such that for all < a < oq, ||/a/||/a||2||L2(_B(o,i?)) < where 
B{0, R) = {y ^]R? : \y\ < R}. Next we show that this is the case for any extremizing 
sequence. 

Proposition 5.1. Let {/njn.eiN be an extremizing sequence for ([2]) in the case {d,p) = 
(2, 6), then for any e,R> there exists iV G N such that for all N 

||/n||L2(B(0,_R)) < 

that is, the sequence concentrates at spatial infinity. 



Proof. Let e, R > he given. From the proof of Lemma 13.41 and from Lemma 14. ![ 
for the inequality in convolution form, we have 



Wfn.O's * fnO's * /nC"s || L2(]ii3) ^ 



fn{x)fn{y)fn{z) 



V2.3 ^psix) 2 ips{y) 2 ^lj^(zy^ 



as* as* asiT,^)dTd^ 



(2vr) 



fn{x)fn{y)fn{z) 



tpsixyiipsivy^ipsizyi 

(2vr)^ll/n|lW.)-(2vrr / 

Jv 



3s 



drd^ 



fn{x)fn{y)fn{z) 



2 3s , drd^ 

1^2,3 1psix)^s{y)Hsiz)^ (r,?) - 2 



Since H/nCr^ * f^Cs * /nO"s||^2(][^3) — (27r)2 as n — )■ 00 we obtain 



V2-. 



fn{x)fn{y)fn{z) 



iJs{x)2%l)s{y)2^l)s{z)2 y/r2 - |^|2 



drd^ 



— 7- as — !■ 00, 



(24) 



and thus there exists N G N such that for all n ^ TV 



V2,: 



fn{x)fn{y)fn{z) 2 drd^ ^ E 



^s{x)Hs{y)Hs{zY^ Vr2-|e|2 "iV^^TW 
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From Lemma 13.41 the expression in the left hand side can be written as 

fnix)fniy)fn{z) 2 drd^ 



P2-. 



(1^2)3 ilJs{x)iJs{y)i/Js{z) 

Pn{^)Pn{y)Pn{z) 



P{x)P{y)P{z) f ^fr -tfjsix) -tpsiy) -Mz) 

^ — X — y — z 

^ — X — y — z 
dx dy dz 



drd^ 



dx dy dz 



V2.: 



-drdC, dx dy dz 



'{B{o,R)r '^s{x)'^s{y)'ips{z) ipsix) + Ipsiy) + i^siz) 

If x,y,ze 5(0, R), then 3s < tp^ix) + tps{y) + M^) ^ ^M^) = ^Vs^TW. There- 
fore, for all > 



3Vs 



> 



V2.: 



fn{x)fn{y)fn{z) 



drd^ 



1 



■■VnW L2(B(0,fl))' 



and so, sup ||/n||L2(B{o,R)) < £^ as desired. 



□ 



We now turn to the case = 3 and p = 4. Here we can also prove that extremizing 
sequences must concentrate at spatial infinity, the analog of Proposition 15.11 

Proposition 5.2. Let {/njneiN an extremizing sequence for ([2]) in the case {d,p) = 
(3, 4), then for any e,R> there exists N E ¥1 such that for all n ^ N 

\\fn\\L^BiO,R)) < £, 

that is, the sequence concentrates at spatial infinity. 

Proof. The proof follows the same lines as the one for Proposition 15.11 Using the 
convolution form of the inequality we obtain the analog of equation 

fnix)fniy)fniz) ^ /. As' X 



7^3,2 i's{x)2^jjs{y)^i's{z)'^ 

If we use the bound 1 — (l - 
.enever \y\ s 

fn{x)fn{y)fn{z 



^V2 ^ T 4^2 \ 1/2 



drd^ — )■ as n ^ 00. 



^ 1 - (1 - ^) and < tPsix) + My) < 

2iIjs{R) whenever |?/| ^ i? we obtain 

4s2 



Vs.: 



i^s{x)2il),{y)2^l)^[z)2 



1 



T 



1/2 



drd^ 
i?2 X 1/2 



i?2 



L2(B(0,R))- 



□ 



The conclusion follows as in the proof of Proposition 15.11 

We now analyze the last case {d,p) = (2,4). Since as * as{C,,T) = \\o-s * <ys\\L°°{u») 
whenever r = \/ s"^ + |^|2, that it, at the boundary of the support, it is not hard 
to see that there are extremizing sequences that concentrate at any given point in 
H^. For the example of extremizing sequence given in Lemma [4.4[ the concentration 
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occurs at the vertex of the hyperboloid, r) = (0, s) =: P. We want to show that 
any extremizing sequences must concentrate. 

Since one can have extremizing sequences concentrating at any point in the bound- 
ary it is possible to construct an extremizing sequence that concentrates on a dense set 
of in the sense that given a sequence {|/n}neN C there exists {/njneiN C L^(]H^), 
extremizing sequence, with the property that for any 5 > and r > there exists 
iV e N such that for all n ^ 

/ \fn{y)\'daM^e. (25) 

Equivalently, by taking a Lorentz transformation L„ G with L~^{yn) = (0, s) = P 
and using the Lorentz invariance of the measure, (125|) can be written as 

L-\{y:\y\>r})+P 

where L^fn{y) = fniLnV)- We show that this is the only possibility for an extremizing 
sequence. 

Proposition 5.3. Let {/njneN be an extremizing sequence for ([2]). Then there exists 
a sequence {Ln}n£]N C satisfying that for any e,r > there exist TV G N such 
that for all n ^ N 

[ \L*My)\'das{y)<e, (26) 

J\y-P\>r 

where P = (0, s) is the vertex of the hyperboloid H^. 

For the proof of the proposition we will need to introduce the function : x 
— R given by the formula 

ds{x, y) = -^((^.(x) + Uy)f - k + y?Y'^ - 1- 

2s 

Elementary properties of dg are contained in the next lemma whose proof is left to 
the reader 

Lemma 5.4. 

(i) For all x, y G R^, ds{x, y) = ds{y, x) ^ and ds{x, y) = if and only if x = y. 

(ii) For all X G R^, lim ds{x,y) = oo. 

|j/|-s>oo 

(iii) For every R> there exists < Ci{R), C2{R) < oo such that 

C,{R)\x - y\^ ^ ds{x, y) ^ C2{R)\x - y\. 
for all X, y with \x\, \y\ ^ R. 

Property (ii) implies that for given ?/ G R^, the ci^-ball of radius R> and center 
y, Bd^{y,R) := {x G R^ : ds{x,y) ^ R}, is a bounded set. Property (iii) relates the 
(i^-ball with the Euclidean ball, for y with |y| ^ i? and r > 

B{y,cr) C 5,^(2/,r) C B{y,c'y/¥), (27) 

for some constants c, c' depending on R and r only. 
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Proof of Proposition \5.3[ The first task is to find a sequence {yn}neN C. such that 
an analog of (125|) is satisfied. It will be convenient, for notation only, to identify 
functions from to R with functions to R and points in with points in R^. 
This is done via the projection of onto x {0}. 

From Lemma 13.41 and from Lemma 14.11 for the inequality in convolution form, we 
have 



WfnCTs * fnO-sWli 



V2,2 



fn{x)fn{y) 



V2 



fn{x)fn{y) 

,2 tps{x)2tps{y)'^ 



{r,0 
2 



2s 



drd^ 



S 

Since WfnCs * /n.'7s|li2(-][^3) — ^ as ra — oo we obtain 



7^2,2 



fn{x)fn{y) 



2s 



drdC, — )■ 1 as n — )■ oo. 



(28) 



Similarly as in the proof of Lemma 13.41 the expression in the left hand side can be 
written as 



V2,2 



fn{x)fn{y) 



2s 



: drd^ 



fn{x)fniy) f s,(r-^P,{x)-iJs{y) 



V2 



(R2)2 'ilJs{x)ilJs{y) 

Pn{^)Pn{y) 

(R2)2 i)s{x)i)s{y) {{ips{x) + i)s{y)Y -\x + y\^y/ 



i-x-y 
2s 



2s 



Yj^dx dy 



drd^ dx dy 



(]R2) 



Pni^)Pniy) 

2 ilJs{x)ilJs{y) 



Ks{x, y)dx dy. 



Observe that 



and 



Ks{x,y) :-- 



Pn{^)Pn{y) 
(1^2)2 i)s{x)i)s{y) 

2s 



dx dy — ||/n||L2(H2) 



((^s(a;) + i^siyW -\x + Z/P)^/^ ds{x,y) 
for all x,y G R^. Equation ( 128|) implies that 

P{x)Pn{y) 



^ 1 



(112) 



2 iJs{x)iJs{y) 



Ks{x,y)dx dy -> 1 as n — >■ oo. 
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Denote hn{y) = fn{yY I'^Psiy), so that hn{y)dy = 1. For e > we can write 
K{x)hn{y)Ks{x,y)dxdy = j K{x)hn{y)Ks{x,y)dx dy 



+ / hn{x)hn{y)Ks{x,y)dxdy 

Jds(x,y)>e 

^ ll^n||ii(]R2) - (l ]—) I hn{x)K{y)dxdy. 

\ e + 1/ JdJx.v)>e 



' ds{x,y)>e 

Then, as the left hand side tends to 1 as n — )■ oo we conclude that 



'ds{x,y)^£ 

Using the Fubini Theorem we can write 



lim / hn{x)hn{y)dx dy = 1. 

''^°°Jd.Jx.v)^s 



I 

Jds 



K{x)hn{y)dx dy = I hn{y) / hn{x)dxdy 

{x,y)sie Jwi^ Jds[x,y)^e 



^ \\h\\i sup / hn{x)dx. 

J/6IR2 Jd Jx.v)^e 



J/6IR2 Jds{x,y)!ie 

Then 

lim sup / hn{x)dx = 1. (29) 

"^~y6R2 JB^^{y,e) 

Fix a continuous function 7 : (0, 00) — > (0, 1) satisfying 7(t) — )■ as t — )■ 0"*". Then 
([21]) implies that there exists N{e) E N such that for all n ^ N(e) 

sup / K{y)dy ^ 1 - 7(e), 
and so there exists {yn}n^N{e) C such that 



hn{y)dy^ l-2^{e). 

In this way, each e > we have a number N{e), and a sequence {yn}n^N{e)- 

The construction of the sequence {?/n}neN will be obtained by a diagonal process. 
We take a strictly decreasing sequence {efcjfceN with — as A; — j- 00. This 
gives a sequence {A^(A;)}fc6]N ^iid {y^}n^Ar(fc),fc>o- We can assume that the sequence 
{A^(A;)}fcg]N is strictly increasing. For each n ^ N{1) we let l{n) = mf{k : N{k) ^ n} 
Define {y„}„6N by 

if n^iV(l) 
, if n<iV(l) 

where ?/o ^ K,^ is arbitrary, but fixed. 

Now let e > be given. Take k such that Ek < s. For n ^ A^(A;) we have l{n) ^ k, 
so ^ < e and 



yn 



L 



hn{y)dy ^ 1 - 27(£i(„)), 
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and hence 



hn{y)dy^ / ^ 1 - 27 (£;(„)) ^ 1 - 27(e). 

Since 7(e) — )■ as e — t- 0^ we have just proved that for any e,r > there exists 
e N such that for all ^ iV 

/n(y)^==^i-^- (30) 



To finish we need to use the Lorentz invariance. This is better done without the 
identification of with that we have been using, so we now lift everything to 
H^. Let D, : {(^, r) G x R : r > |^|} ^ R be defined by 

Dsm.n), (6,r2)) = i2s)-\in + r2f - 16+61')'/' - 1, 

and observe that for every L e £+, Ds{L{^i, n), L(6, ^2)) = Ds{{^i, n), (6, r2)). 
Let Zn = {yn,ips{yn)) ^ H^. We can write f l30l) equivalently as 

\fiz)\'daiz)<e. 

Ds{z,z„)>r 

By the Lorentz invariance of Dg and a, for L„ G such that L~^{zn) = (0, s) = P 
we have that for every e,r > there exists G N such that for all n ^ 



/ \L:f{z)\'da{z)^l-e 

JDs{z,P)i:r 



which implies 



[ \L*J{z)\'da{z) 



for all r > sufficiently small, independent of e and n, proving the proposition. □ 

6. The two sheeted hyperboloid 
In this section we consider the two sheeted hyperboloid 

Ili = {{y,y')eR'xR:y" = s' + m 

with measure 

(Tsiy, y') = 6{y' - y^s^ + \y\^){s^ + \y\Y'^dydy' + 6{y' + y^s^ + \y\^){s^ + \y\^)~hydy' 

and adjoint Fourier restriction operator defined by Tsf = fas, for / G iS(R'^"*"^). 
Hf is the union of the two sheets 

Hf'± = {{y, y')eR''xR:y' = ±{s' + \y\'Y/'}. 

What in this section we are calling Mf^ is what before we denoted by (that change 
of notation is convenient here). In the previous section we proved that for Mf^ (and 
thus also for IHf'~) extremizers do not exist for the cases {d,p) = (2, 4), (2, 6) and 
(3,4). Here we show that extremizers for do not exist either and compute the 
best constants. 
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The adjoint Fourier restriction operator on Mf'^ is denoted by Tg and the one on 
M.f~ will be denoted T~ . For s = 1 we will drop the subscript s. 

For sets A,B (Z Wi'^ we denote A + B = {a + b: qeA, B}, the algebraic sum 
of A and B, and —A = {—a : a G A}. We start with the following lemma 



Lemma 6.1. For d ^ 1 we have 

Hf'+ + Mf+ C {(e, r) G R'^ X R : r ^ V(2s)2 + |^|2} (31) 

Hf'+ + H^'- C {(e, r) G R'^ X R : |r| ^ V(2s)2 + (32) 

Mf- + Mf- C {(e, r) G R'^ X R : r ^ _/(^ij^T^} (33) 



Proof. The first assertion was already proved when we computed the double convo- 
lution as * as- We do it again, li ^ = x + y and r = ips{x) + "ipsiu), then r ^ 2s > 
and squaring 

= + ^s{y)f = 2s' + \x\' + \y\' + 2{s' + \x\Y'{s' + 12/1')^/'. 

On the other hand, 

I^P = |x + = |xp + lyp + 2x-y. 

Using X ■ y = \x\\y\cos6, with 6 the angle between x and y we see that (l3Ti) is 
equivalent to the inequality for real numbers a, 6, s ^ 

{s' + a'Y/'{s' + b''Y/'^s' + ab (34) 

which is easily shown to hold, by squaring both sides. 

We proceed in a similar way for the second part. Let = x + y and r = tps{x) — 
ips{y)- Then 

t' = 2s' + \x\' + \y\' - 2(^2 + Ixl'y/'is' + lyl'y/'. 
As before we see that fl^ is equivalent to 

-(^2 + 1x12)1/2(52+1^12)1/2^^2^^.^^ 

which in turn is equivalent to the easy to verify inequality for real numbers a,b,s ^ 

As for ([32]), it follows from by observing that Hf" = -Hf'+. □ 

Lemma 6.2. Let 1, then 

Hf'+ + Hf'+ + Hf'+ C {(e, r) G R'^ X R : r ^ \fW?^^}. (35) 
Hf'- + Hf'- + Hf'- C {(e, r) G R'^ X R : r ^ -^(^sf+W). (36) 
Hf'+ + Hf'+ + Hf- C {(e, r) G R'^ X R : r ^ -\/(3s)2 + I^P}, (37) 
Hf'+ + Hf'- + Hf'^ C {(e, r) G R'^ X R : r ^ ^/Wf^W)- (38) 

Proof. We know from Lemma 16.11 that 

+ C {(e, r) : r ^ vWT^}- 
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We start with (135|) . Let ^ = x + y and r ^ 'ip2s{x) + > 0. By squaring, 



Then fl35l) would follow from 

{As^ + \x\^Yl\s^ + \y\^f/^^2s^ + x-y, 

which is equivalent to the easy to verify inequality for real numbers a, 6, s ^ 

(4^2 + ^2)1/2(52 + ^2)1/2 ^2s2 + a6. 

We now establish (1371) . Let ^ = x + r ^ 'ip2s{,x) — ipsiji)- If r ^ we are done, so 
suppose that ^ r ^ 'ip2s{x) — 'ipsiy), then 

^ + |xp + |yp - 2(4s2 + |xnV2(52 + |^|2)i/2^ 
and fl37|) would follow from 

-(4^2 + |,TnV2(52 + |^|2)i/2 ^2s'' + x-y, 

which is equivalent to show 

(4^2 + a2)V2(,2 + ^2)1/2 2,2 

for all a, 6, s ^ and this last inequality holds. 

Both (15^ and fl38p can be proved in a similar way. □ 

For a function / G //^(Hf) we can write / = /+ + /„, where /+ is supported on 
Hf'+, and /_ on Hf'". One then has \\f\\l^^,^ = \\U\\%^^.,+^ + II/- 

Proposition 6.3. Let d G {2, 3} and / G L'^{t{fj, f ^0. Then 

rjrL.|l/IIZ'(H^) ^ IK^,s- (39) 

// there is equality in 0391) then 

||^s/+||l4 = Hrf,4,s||/+||^2(Hf>+) ^''T'd 11^7 /-||l4 = Hc(,4,s||/-||i2(Hf>-)- 

Moreover if {fn}ne¥s is an extremizing sequence then {/«,+/ ||/n,+ ||2}neiN o'^'^ 
{fn-/\\fn~\\2}nG¥s o.'^G cxtremizing sequences for Tg and T^ in IHf'+ and Hf" re- 
spectively. 

Proof. This is contained in [U pg. 754-755]. We will restrict attention to the case 
s = 1, but the other cases follow in the same way, or by the use of scaling. Observe 
that 

WTfWU = \\Tf^ + T-f4U = ll(T/+ + T-/_)li. 
= WiTf+r + (T-/_)2 + 2(T/+)(r-/.)||i.. 

Using that product transforms into convolution under the Fourier transform we see 
that the Fourier transforms of (Tf^Y, (T~/_)2 and (Tf^){T'^f_) are supported on 
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+ e<i - + - and H'''+ + H'' - respectively. Those three sets have inter- 

section of measure zero by Lemma I6.H therefore 

WffWh = \\TU\\% + ||T-/-rL4 +4||(T/+)(T-/„)||i. (40) 

^ H^.,4(ll/+lli^ + + 4||/+|ii.||/-iii.) (41) 

^^H^.,4(ll/+lli^ + ll/-lliO' (42) 

= ^H^,4ll/llt^' (43) 
where we have used the sharp inequahty (as in [1]) 

+ + 4:XY <: ^{X + Yf , X,Y^O (44) 
where equahty holds if and only if X = F. Thus, 

\\Tf\\U\frJ^n^) ^ ^Hi,. (45) 

For / 7^ there is equality in f H5|) if and only if there is equality in fHT]) and fjl2|l . 
There is equality in (gl]) if and only if ||T/+||l4 = Hd_4||/+||i2(]Hd,+), ||T~/_||i4 = 
Hrf4||/„||^2(]jjd,-) and |T/+| = \T~ f_\ a.e. in IR!^. There is equality in if and only 
if H/+||2= II/-II2. 

Let {/n}n6N bc an extremizing sequence, i.e. ||/„||2 ^ 1 and lim„^oo ||r/n||L4(]Rd) = 
Hrf^4. For the decomposition /„ = fn,+ + fn,-, we see that 

lim {\\fn,4l^ + Il/n,-||i2 +4||/„,+ ||i.||/„,„||i.) = |. 

This implies that if lim^^oo ||/n,+ ||L2 and lim„^oo ||/n,-||L2 exist then they must be 
equal, and so equal to 1/ Therefore any subsequence has a convergent subse- 
quence with limit l/-\/2- This implies the existence of both limits and lim ||/ra,+ ||L2 = 

lim ||/„,_|U2 = l/v^ 

If we write ||T/„,+ ||4 = a„Hd,4||/+llL2(Hd.+) and ||T-/„„||4 = bnHd^^lf-Wmm"^-)- 
Then, as before, lim„_>oo Onll/n.+ lh = and so lim^^oo = 1, and similarly 
lim^^oo&n = 1- 

Hence, {/n,+/||/n,+ ||2}n and {/« -/||/n - Ihjn are extremizing sequences. □ 
Corollary 6.4. For d G {2, 3} and s > we have 

H(i,4,s = (3/2)^/^Hd_4^s- 
Moreover extremizers for the restriction inequality on do not exist. 

Proof. The only part missing is the lower bound for the value of the best constant. For 
this, one notes that if we take {/n,+}neN to be an extremizing sequence for Tg, then by 
identifying a function on Hf'^ with a function from IR!^ to R we let fn-{y) = fn,+{y), 
y e K,"^, that is, the complex conjugate of /n,+- Then = -^{fn,+ + fn,-) is an 
extremizing sequence on since (HTil becomes equahty and becomes equality 
in the limit n — 00. □ 
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Proposition 6.5. Let d G {1,2} and f € L^(Hf), / ^ 0. Then 

rjiii«ii/iiz'(Mf) ^ -j<<^,s- (46) 

// there is equality in fH6i) t/ien 

II^sZ+IIl* = Hd_6,s||/+||^2(]nf>+) '^'^^ II^s~/-IIl* = Hd,6,s||/-||/,2(]nf'-)- 

Moreover if {f„}n£¥s is an extremizing sequence then {/«,+/ H/n.+ lhjneiN o.^'^d 
{/n,-/||/n,- IbjneN cs^c extremizing sequences for the adjoint restriction inequality in 
Q,^^ Hf'" respectively. 

Proof. A proof of this is contained in [H pg. 758-760]. It follows the same lines as 
Proposition [631 One first writes ||T5/||i6(]R3) = \\{Tsff\\\2(^^) and f = f+ + 
Expanding {T^f^ + Tsf_)^ and using Plancherel's Theorem together with Lemma 
(16.21) plus Holder's inequality one obtains ( H6|) . Equality in ( 146|) and the property of 
extremizing sequences stated in the lemma are handled as in the proof of Lemma 16731 
We skip the details. □ 

Corollary 6.6. For d = 2 and s > we have 

Moreover extremizers for the restriction inequality on do not exist. 

Proof. The lower bound on H2,6,s can be obtained by considering an extremizing 
sequence {/njneiN for the extension operator on the upper sheet of H^'"*" as was done 
in the proof of Corollary 16.41 □ 

Proposition 16.31 and Proposition 16.51 give the proof of the second part of Theorem 





7. Appendix 1: Scaling 



Here we record the scaling for the family of operators {T<i}s>o. Recall from the 
introduction that for s > 0, Hf := {{y, -^/s^ + |yp) : y G R'^} equipped with the 
measure as{y,y') = S{y' — a/s^ + ly]"^^ '^^^^ — 



The operator T, defined on 5(]R'^) by 



TJ{x,t) = f?s{-x, -t) = / e^-V*V^^/(^) 



dy 
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We want to show that iid,p,s defined in (|8]) satisfies ([9]). If we make the change of 
variables v = sy in the expression defining Tf{x,t), then 

Tf{x,t)= [ e*-Vv^/(2/)^^ 

Jtr.'' + \y\ 

-d+3/2 f ^is-^x-y^is-H^/s2+\y\^„-l/2j^i^„-ly-^ 

from where s'^~^^'^Tf{sx,st) = Ts{s~^^'^ f{s~^-)){x,t) and it follows that 
On the other hand 

12 ^1/ / 1./ -1 M2 s-'^d?/ 



s 



l/(y)l^^=== / \fis-^y)\^ 



that is WfWm.) = s-(''--'y'\\s~'/'f{s-'-)h^^^), thus 

and it follows that for all s > 

H.,,,. = .('^-^)/2"(^+i)/^H,,,. (47) 

8. Appendix 2: some explicit calculations for the case d = 2 
The exponential integral function Ei(x), for x 7^ 0, is defined by 

roo -t rx t 

Ei{x) = - — dt = / -dt (48) 

J -X t J~oo t 

where the principal value is taken for x > 0. 

Lemma 8.1. Let a > and f,{y) = 6""^^^^, y G R^. Then 

\\Tsfa\\%^T^4fa\\l{^^) = (27r)5(l - 6as - SGa^s^eS- Ei(-6as)), and (49) 

l|rja||i4(R3)ll/a|IZ>.) = 2='y(-4a.e^'^^Ei(-4a.)). (50) 
Proof of Lemma \4-4\ Using the expressions in Lemma 18.11 

6 

and 

lim \\Tsfa\\U\fa\\lL ) = 1™ 2^— (-4ase^'^'*Ei(-4as)) = 2^ — . □ 
Remark 8.2. 



lim mfaWleWfaWlL) = lim (27r)5(l - Gas - 36aVe^'^^ Ei(-6as)) = (27r) 



4 4 

a— 5>oo ■■ " "-^ V"s; a— >c« S ' - , , ^ 
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1. It is not hard to see that the function a H- 1 — a + a^e'^Ei(— a) is a strictly 
decreasing function for a G [0, oo) which tends to as a — oo and to 1 as 
a — )• O''". Then HTs/qH^b ||/a||j^2(^ ) is a strictly decreasing function of a, for 
each fixed s. 

2. The function a H- — ae'*Ei(— a) is strictly increasing for a G [0,oo), tends 
to as a — )■ 0"*", and to 1 as a — )■ oo. Then ||7's/a|li4||/a||^2(o. ) is a strictly 
increasing function of a, for each fixed s. 

Proof of Lemma \8. li We first compute the L^((Ts)-norm of /„, 



a\\L-^{as) 



oo 



oo 

2iT I e^^ar^^ _ -e-"^"'. 



The formulas in fH^ and fISU]) are easier to compute in their equivalent convolution 
form. Let ga{^, r) = e""^ and observe that /aCr^ * faC^s = QaCTs * QaCTs and /ads * faC^s * 
/aO"s = QaO's * Qa^s * duo's- Then, because ga is the exponential of a linear function, 
gaos * gaosi^, r) = ga{^, T)as * (Js{i, t) and ga^s * ga^s * gaOsii, t) = ga{^, T)as *(Ts* 
OsiC, t), therefore 

/•oo /•A/-r2-(3s)2 

= (27r)^ / / e-2-(r + (3.)^^ , - 6s^==)drdT 



3s Jo - Vt^ - 

(27r)^ / e-^'^"(i(r^ - (3s)') + (3s)'(logr - log(3s)) - 6s(r - 3s))dT 



3s 

/.oo poo 

(27r)^(- / e-^^W^dr + {3sy e"''^" log rrfr 

/•oo Q /"OO 

- 6se"6"^ / e^'^Vrfr - (-s^ + (3s)2 log(3s)) / e-'^'rfr 
(27r)5 /e-'^""(l + 6as(l + 3as)) _^ (^3^)26"^"' log(3s) - Ei(-6as) Gse" 



2a 4a2 

q „-6as 

s^ + {3s)^\og{3s)) 



Rearranging the terms we have 



WfaOs * faOs * JaC^s II L2(R3) = [2n) 6 - (3s) ^- — j. 
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Then 

II/.-. * * /.-Ji.(K:,ll/.IIZ^V) = (2-)^--^«^(^ - (3.)^^^^^^^ - ^) 

= (27r)2(l - 6as - SGa^s'^e^"' Ei(-6as)). 



For the case of L^, 



{2nf 



2s Jo T^-r^ 

3/'e-^'^Mog(2s) - Ei(-4as) ,_,^^^e-^^' 



.p^j,Ei(-4a.) 



2a 



Then 



Wfa^s * /a-Ji.(K3)ll/a|l2-' = -(2vr)3a^^^ ^^'^ "^"^^ 



27r2 

4ase^"'Ei(-4as)). □ 



Our aim now is to give an alternative proof of Lemma 14.11 



Lemma 8.3. Let d = 2 and s > 0. For a > let fa{y) := e'^y^^^ , ?/ G Then 



TJaix, t) = 27r =■ (51) 

-\/(a — zt)^ + 

Proof. To compute the function Tsfa{x,t) we use polar coordinates where the polar 
axis is parallel to x, so that x ■ y = \x\\y\ cos6, with 6 the polar angle. 



Tsfa(x,t)= /"e^-Vv/^We-v/IW^i^ 



oo /■27r 




/o /o Vs^ + r2 

Now from [5], pg. 26] we have that for 6^0 



27r 

ib cos 6 



d9 = 27r Jo(6), 
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where Jo is the Bessel function of the first kind of order zero. Thus 



e2_i_^,2 T / I I \ ^ 



Jo ys'^ + r 

Jo 

POO 

= 271 e-("-^*)"Jo(|x|Vu2 - s2)dn 



which is the Laplace transform of the function jQ{\x\y/u'^ — s^). It is known ,[71 pg. 
129], that the Laplace transform of jQ^ay/u'^ — 6^), for a,b > 0, is given by 

roo -bVA^+a^ 

/ e-""Jo(aV^I^^)rf^ = ^- - -■ (52) 

for A with 9^e(A) > 0, and the branch of the square root is the one that is real in 
the positive real line. For a derivation of this formula we refer the reader to [TOl pg. 
416]. 

Using (152]) we conclude that 



-s^(a-ii)2 + |a;|2 

TJa{x,t) = 2n- 



and the lemma is proved. □ 

Alternative proof of Lemma Let a > be fixed and fs{y) = e~°-^^^^^^^ . From 
Lemma 18.31 we have 

TJ,(x,t) = 2tx- 



v/(a-it)2 + |x|2' 

We note that if we let g{^, r) = e"'*'^, then ga^ * (yfcr^ * go'si^, 't) = ■ cr^ * cr^ * 

't) = /^(^^ * fsCTs * fs(^si^, r), and thus 

{TJsix, t)f = {gas * gcTs * s-c^sna;, t). 

Applying the inverse Fourier transform gives 

g{^, r) ■ a, * a, * r) = mfsfm, r) 

from where 

as*as*as{^,T) = e^^i{Tsfsfm,T). 
From the explicit expression for T^f^, 



~3sy/{a~it)^+\x\^ 

(rj,(x,t)f = (27rf 



(v/(a-zt)2 + |x|2)3 
and on the other hand, if Die b > 



oo poo „-3sb 



3s J\ 



e-^^'dX'dX 



e 



62 



NONEXISTENCE OF EXTREMALS FOR THE HYPERBOLOID 25 

SO then 



r-oo j-oo -A'^(a-it)2+|x|2 -ZsyJ {a-ity + \x\^ 



3s 

and thus 

r"00 /"OO 

\2 



(27r)M / Tyfy{x,t)dX'dX = {TJs{x,t)Y. (53) 
Using the representation of Tyfx' in terms of the Fourier transform gives 

(27r)M / Tyfy{x,t)dX'dX = {27T)' / t)dA'dA. (54) 

Combining (135]) and f l54p and using Fubini's theorem gives 



OO poo 



3s JX 



mfsfm. r) = (27r)2 / Sir- y^iX^yTW)e~^^^^^^' 



dX'dX 



{2Txf / 5{t - v/(A02 + |en(A' - 3s)e-V(^')^+l€l 



rfA' 



3s 



We now make the change of variables v = a/ (A')^ + so , = , to 
get 



e- 



((TJ.)T(e,r) = (27r)^ / 5iT-v)iV^^^^^-3s)^===dv 



1^2 _ \^\2r '^{r^V(3«)2+|CP}- 

It follows that 

as * ^s * a,(e, r) = (2vr)2(l - 

The case of the double convolution can be done in the same way using e~^^dX = 
for all b with Dltb > 0. □ 



b ' 

Remark 8.4. For any n ^ 1 and b with 6 > we have 



e' 



e"^^MAi . . .c/A„ 



and thus we can compute, in the same way as before, the n^'^-fold convolution ai*^'' 
for any n ^ 1. 
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9. Appendix 3: some explicit calculations for the case d = 3 
Proof of Lemma \4-^ For the norm we have 



2 



/CO A pCO 

^ J as 

Then ^ 

hm =1. 

Using the convolution form of the inequahty, our goal is to show 



lim a'^ll/ffs * /o-,(^,r)||^2(]R4) = 27r^ 

a— 5>0+ 

As in the proof of Lemma 18.11 

V _ 

le^r^ re^'^^{hr' - (2.)^)i + 4.^((r^ - (2.)^)^ - r log(^±^/53M!))rf^ 



(27r)^47r / / e-2'^"(l--^ -W^drdr 



= / e 2- (r2-(2as)2)2 + _((r2-(2as)2)2--log( ^ ^ '- , 

a J2as \oa-^ a a las 

Multiplying by and taking the limit as a — > 0+ gives 

lim a^ll/^a, * r) 11^2(2^4) = ^— / e-^Vrfr = 27rl □ 

Alternative proof of Lemma \4-^ The two fold convolution of Cs with itself can be 
computed directly by using changes of variables. We will use the method of an 
earlier version of Foschi's paper [1], available on the arXiv. Given ,^ G R'^ \ {0} we 
can use spherical coordinates adapted to C,, that is, we can write 77 G R'^ as 

Tj = {p sin 9 cos (p, p sin 6 sin p cos 6) 

where p = |?7| ^ 0, 6* G [0, tt] is the angle between 77 and ^ and ip G [0,27r] is an 
angular variable. Then 

drj = p^ sin 6 dpdOd^p. 

If we let q = |^ — ?7|, then 

and changing variables from 6' to ? gives 2qdq = 2\C,\ p sin 6 d6. The Jacobian of the 
change of variables 77 1— )■ (p, ip) is 

drj = j^^dpdqdip. 
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The variables p and ? are subject to the conditions |p — 'j|^|^|^p + '^- With this 
we can write 



<ys * a,(r, = / . di] 

^]R3 ^ \i - r]Y ^ - \r]Y 

' -pq dpdq 



— I 6{r — u — v) dudv, 



where u = a/s^ + p'^, v = y/s^~+~^ and Rs is the image of the region {(p, q) G : 
|p — ^ ICI ) P + ^ ^ I'd} under the transformation (p, ^) i-)- (n, t>). Using the change 
of variables a = u — v,b = u + v, so that 2du dv = da db, we get 



(^s * o-s{r,0 = 77] 6{r-b)dbda. 
141 Jr, 



where Rg is the image of Rg under the map (m, v) (a, 6). Now it is not hard to see 
that Rs is contained in the region {(a, 6) : \a\ ^ |.^|, b ^ a/ (2s)2 + Computing 
the region Rg gives the explicit formula for ag * ag, 

CTg * = - 2^i(e, r)|x^^^^^^^^^, 

where u{^, r) is imphcitly defined by the equation r = u{^, r) + r)^ — — 

Id)^ + s^)^/^ and u{^,t) ^ s. Note that simple algebraic manipulation shows that 

ir-2u{^,r)f = \e[l--^). 

This implies 

ag * a.(r,0 = 2vr(l - - J^) □ 
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